We answer in the affirmative to a conjecture formulated in J. Mech. Phys. Solids, 53:1789-1826] concerning a variational characterization of the actual yield strength τ Y , the threshold for the inset of plastic flow, in a thin strip undergoing simple shear. Moreover, we find a new formula relating τ Y to the height of the strip. Our formula confirms that thinner specimens display higher actual yield strength.
Introduction 2 Introduction
A number of experiments such as micro-indentation [37] , torsion of thin metal wires [16] , and micro-bending tests [38] have shown that conventional plasticity fails to capture the size-dependent behavior of metallic specimens undergoing plastic flow in the size range below 100 microns, with smaller samples being, in general, stronger [24] . Substantial theoretical work has been carried out to extend conventional plasticity to the micron scale. It is acknowledged that those size effects observed in metallic samples are associated to the inhomogeneity of plastic flow, a fact that motivates a number of strain-gradient plasticity theories, starting with [11] . In the so-called local or low-order theories, the flow rule retains the form of a ordinary differential equation, but work-hardening takes into account plastic-strain gradients [1, 23] . In the so-called non-local or high-order theories, the flow rule is a partial differential equation which requires the specification of appropriate boundary conditions. The first of such theories was proposed by Aifantis in [2] ; the vast majority of subsequent high-order theories were derived using the virtual-power principle, by taking into account power expenditure by higher-order stresses that are work-conjugate to the plastic-strain gradient [12, 33, 13, 19, 20, 21, 6, 15, 28] . A residual-based gradient theory was proposed in [35] , and a link between this theory and those based on the principle of virtual powers was discussed in [34] .
Apparently, the theories developed by Gurtin and coworkers are those that have inspired most mathematical work. In particular, the issue of existence of solutions for the system proposed in [20] has been addressed in [8] in the case of anti-plane shear and in [32] . The model for plastically-irrotational materials proposed in [21] was studied in [36] . Of particular importance for the present paper are the existence theorems for strain-gradient plasticity based on the notion of energetic solution, which have been proved both in the small-strain [18] and in the large-strain [29] setting.
The flow rule proposed in [21] is of particular interest because it incorporates two length scales:
• an energetic scale L, which appears from letting the free-energy density depend on derivatives of the plastic strain, E p , through the Burgers tensor, G = curlE p ;
• a dissipative scale , which arises from letting the gradient of plastic strain rate, ∇Ė p , enter the dissipationrate density. The form of the free energy density is motivated by dislocation mechanics. In particular, the choice of letting the free energy to depend on plastic strain gradient through the Burgers tensor follows from the presumption that the so-called geometrically-necessary dislocations (whose density is measured by G) play a major role in determining size-dependent response, a presumption that finds its justification by homogenization procedures applied to discrete-dislocation models [17, 27] . Because of the complicated nature of the non-local flow rule, it is not easy to understand how its solutions are affected by the material scales. On the other hand, such understanding is crucial in order to identify these scales by comparison with experiments. Thus, parallel with the literature dealing with modeling, researchers have also endeavored to investigate how the various scales may affect the nature of solutions, not only for the Gurtin-Anand theory, but also for other strain-gradient plasticity theories.
This task is usually accomplished by working out a simple analytical problem that mimics some experimental setup. For example, scale dependence for the torsion experiment was investigated in [26] in the framework of the Fleck & Willis theory [15] and in [9] for the Gurtin-Anand theory [21] . Moreover, for the distortion-gradient plasticity (which accounts also for plastic spin) specific finite-element schemes for the torsion problem have been recently proposed in [7] . Problems involving microbending have been scrutinized in [25] and, more recently, in [14] in the case of nonmonotone loading.
With a similar goal in mind, a simplified flow rule, formulated in one spatial dimension, was derived and analyzed in [5] to investigate the effects of the energetic and dissipative scales. Such flow rule, which will be introduced in the next section, mimics the traction problem in simple shear symmetry: the aim of this paper is to rigorously prove, for this flow rule, that smaller samples are stronger and to determine the dependence of the critical load, i.e., the load at which plastic flow starts, on the dissipative scale.
Three points are of special importance in our analysis. The first point is that the concept of energetic solution can be effectively used to characterize rate-independent evolution processes in plasticity, both conventional [10] and of strain-gradient type [18] . Using this characterization it is easy to see that the hallmark of the onset of plastic flow is the instability of the trivial configuration, which is equivalent to saying that the minimum of a certain "stability functional" becomes negative.
The second point is the observation that dissipation is (positively) homogeneous of degree one whereas free energy is quadratic. Then, a simple scaling argument can be used to show that free energy does not affect the critical load. Accordingly, we may replace the stability functional with a "reduced" one, which contains only contributions from applied loads and dissipation.
The third point is that, since dissipation is homogeneous of degree one, the reduced functional has linear growth and hence minimizers must be sought in BV (see Appendix 2) . This notwithstanding, a result from [3] tells us that the minimizer (unique in SBV) is smooth and solves the Euler-Lagrange equation. After some manipulations of the E-L equation, we are eventually able to determine the dependence of the critical load on the dissipative length scale.
Methods and results

The traction problem
The one dimensional theory developed in [5] describes plastic flow in a body having the shape of an infinite strip of width 2h, namely, Ω h = x = (x, y, z) ∈ R 3 : −h < y < h , as sketched in Fig. 1 . We restrict attention to the so-called traction problem, describing an ideal experiment in which the bottom side of the strip is clamped and a uniform shear stress τ is prescribed on the upper side. We work in the rate-independent setting of quasistatic evolution in plasticity and
• we limit our attention to the case of proportional loading, that is to say, we assume that τ be strictly increasing with respect to time.
With this assumption, we may label each instant by the corresponding value of the shear stress and adopt τ in place of time as the independent variable. Because of translational invariance in the x-and z-directions, it is natural to look for solutions that enjoy the same invariance properties. Precisely, we assume that the two kinematic fields of interest, namely the displacement u and the plastic strain E p , have the following representation:
with {e i : i = 1, 2, 3} the canonical basis of R 3 . Consistent with this assumption, we take the stress tensor T to be spatially constant, and having the representation T(τ ) = τ (e 1 ⊗ e 2 + e 2 ⊗ e 1 ).
A local flow rule: strengthening and hardening
If the material is modeled in the framework of Mises plasticity with kinematic hardening, the flow rule governing the evolution of the shear strain γ p may be written as
1 More conventionally, the inclusion in (2) can be rendered by introducing a multiplier λ and by combining the flow ruleγ p = λ where S 0 > 0 is the coarse-grain yield strength, κ is the kinematic-hardening coefficient,γ p is the partial derivative of γ p with respect to the loading parameter, and Sign : R ⇒ R is the set-valued function defined by
Granted that the body is in its virgin state at the beginning of the experiment, namely,
the solution of (2) is easily worked out and, on introducing the positive-part operator (·) + = max{·, 0}, can be written as
This solution displays the typical features of a stress-strain diagram from classical plasticity; in particular:
• the increase of S 0 is associated to strengthening, that is, an increase of the threshold for the inset of plastic flow;
• the increase of κ, with S 0 fixed, is associated to hardening, that is, an increase of the shear stress required to attain a given amount of plastic shear.
An immediate consequence of the inclusion in (2) is that
On the other hand, the density of work τ enγp expendend on plastic flow by the backstress,
is equal to the time derivative of the free energy density, that is,
Thus, the identity d dt
which follows immediately from the equation in (2), can be interpreted as a splitting of the internal power τγ p expended on plastic flow into an energetic part τ enγp , and a dissipative part τ disγp . Accordingly, we may say that, in the present context,
• strengthening is a dissipative effect, whereas
• hardening is an energetic effect.
A non-local flow rule: size-dependent strengthening and hardening
Using the strain-gradient plasticity theory of [5] we derive in Appendix 1 a non-local, rate-independent flow rule. In particular, we replace the first of (2) with:
and the inclusion in (2) with:
where the set valued function Vers :
As explained in Appendix 1, the partial differential equation (9a) is constitutivelyaugmented microforce balance engendered by a version of the principle of virtual powers that accounts for power expenditure on the time derivative of the shear-strain gradient γ
. In particular, the pair
an element of R 2 which we refer to as the effective dissipative stress, is work conjugate to the effective shear strain,
so that, by (9b),
On the other hand, the second term on the right hand side of (9a) is a non-local backstress that obtains from taking the formal variation of a plastic free energy whose density is:
Thus, granted that microscopic hard conditions,
are enforced on the boundary, the following identity is arrived at:
which is again interpreted as a splitting of work expenditure into an energetic part and a dissipative part.
The actual yield strength τ Y .
Given that the hardening parameter κ appears together with L in the plastic-energy density, (14) , while the coarse-grain yield strength S 0 appears in the dissipation-rate density, (13),
• one may expect that the extra energy brought into play by L enhances hardening effects, and that the extra dissipation associated to is a source of additional strengthening.
This expectation is indeed confirmed by the analysis carried out in [5, 3, 9] , where the roles of the scales and L have been scrutinized both by analytical and numerical tools. In particular, the numerical experiments in [5] suggest that when the microscopic hard conditions (15) are imposed at the boundary the energetic scale combined with non-null local hardening (κ > 0) leads to a boundary layer of thickness L/ √ κ. 3 Moreover, the arguments provided in [5] suggest that the actual yield strength,
should depend on S 0 and on the ratio
but not on the energetic scale L or on the hardening parameter κ.
The variational characterization of τ Y
Concerning size-dependent strengthening, the following conjecture was made in [5] :
• The functional
has a minimizer φ Y over the space of fields φ on (−h, +h) vanishing at the boundary,
and satisfying the renormalization constraint
Moreover, the minimum T (φ Y ) represents the actual yield strength:
As observed in [5, Sec. 9.2.1], a consequence of this conjecture is that the actual yield strength is strictly greater than the coarse-grain yield strength:
The issue of existence of smooth minimizers for T under the renormalization condition (21) and the boundary conditions (21) has been addressed in [3] . From the analysis carried out in that paper, it turns out that
• the infimum of T (φ) in the class of smooth functions φ satisfying both the renormalization condition (21) and the boundary conditions (20) is not attained by any such function, and that, however,
• if the boundary conditions (20) are incorporated into the functional T through a suitable relaxation procedure (see Appendix 2), then the ensuing variational problem admits a unique smooth minimizer satisfying the Euler-Lagrange equation:
A question that remained open in [3] is whether the infimum of the functional T (or equivalently, the minimum of its relaxation) coincides with the actual yield strength.
In the present paper we give an affirmative answer to this question using the notion of energetic solution [31] as a characterization of certain solutions of rate-independent dynamical systems. The approach based on the concept of energetic solution provides an alternative to that based on variational inequalities [22] . According to the energetic formulation, an evolution process is consistent with the flow rule if it satisfies:
• a stability condition;
• an energy-balance condition.
Consider the energetic solution t → γ p (·, t) that starts from a state corresponding to null plastic strain, that is, γ p (·, 0) = 0. A necessary condition for the energetic solution to satisfy γ p (·, τ ) = 0 for some τ > 0 is that the null state γ = 0 be stable at "time" τ . As we demonstrate in Section 3 below, requiring this condition is equivalent to asking that the minimum of a certain stability functional vanishes:
where m(τ ) := min
where E(·, τ ) and Ψ(·) are, respectively, the energy functional and the dissipation functional (see (36) and (39a) below). It turns out that τ → m(τ ) is a non-increasing function. On the other hand, for τ < τ Y the energy balance condition is identically satisfied becauseγ p = 0 on (0, τ ). These facts, along with the uniqueness of the energetic solution, allow us to characterize the actual yield stress τ Y as:
4 Here H 1 0 (I) is the standard Sobolev space of functions from I to R whose (distributional) derivatives are square-integrable functions.
The second step of our argument is based the observation that dissipation is (positively) homogeneous of degree one whereas the free energy is quadratic. Then, a simple scaling argument can be used to show that:
where m(τ ) := inf
(27) In other words, the free energy does not affect the yield strength.
The last step of our argument consists in observing that, since what determines the stability of γ p (·, τ ) ≡ 0 is only the sign of m(τ ), we can look for negative values of the functional
φ dy by restricting our attention to the subspace of tests φ satisfying the normalization condition (21) . We then conclude that m(τ ) < 0 if and only if the infimum of φ → T (φ) − τ is negative, that is:
and this proves the second part of the conjecture stated at the beginning of the Section.
The formula for τ Y
Besides proving the aforementioned conjecture, the other result of this paper is an explicit formula for τ Y , the actual yield stress. Our calculation exploits two results from [3] : first, that the minimizer φ Y is smooth and it satisfies the Euler-Lagrange equation (24); second, that the minimizer is even, positive, strictly decreasing for y ≥ 0 and its derivative blows up at the boundary. By performing a suitable change of dependent variable, we can convert (24) into a first-order differential equation (see (62)-(63) below). It turns out that the blow-up of the derivative of φ Y at the boundary yields two side conditions for the first-order equation. In turn, the extra side condition selects the eigenvalue τ Y /S 0 of the E-L equation (24) . Indeed, we find that
and the renormalized energetic scale λ = h are related by:
The graph of τ Y /S 0 , recovered from (29) , is plotted in Fig. 2 . Thus, our result confirms that as the sample becomes smaller, i.e. λ = /h increases, the actual yield strength increases: hence smaller samples are stronger. < 1 + h derived in [5] .
In particular, from (29) one finds that, for 0
which implies that, for 0 < λ 1, the renormalized actual yield strength has the following asymptotic behavior:
We also note that, as λ = /h → ∞, a linear relation is recovered:
The energetic approach
In this section we work out in detail the arguments outlined in Section 2.5, which we carry out in the following sequence of steps: scaling; energetic formulation; definition of the renormalized actual yield strength; characterization of the actual yield strength. Each of these steps is developed in its own subsection.
Scaling
In order to single out the relevant parameters, we begin by introducing the dimensionless independent variables:
Consistent with this choice, we introduce the dimensionless parameters:
The nonlocal flow rule (9) can now be reformulated in the domain
and takes the form (henceforth, for typographical convenience, we drop the superscript p from γ p ):
(τ dis ,k dis ) ∈ ∂ψ λ γ, ∂γ ∂r .
(34)
The microscopically hard boundary conditions (15) now read:
We assume hereafter that
Energetic formulation
The flow rule (34)-(35) equipped with the boundary conditions (35) is an evolutionary variational inequality that can be formulated in many equivalent ways. The formulation that best suits our needs is the so-called energetic formulation proposed in [31] . With a view towards formulating (34)- (35) in the energetic format, we introduce the renormalized energy functional E (θ, ·) :
and the renormalized dissipation functional Ψ :
dr.
Next, we introduce the the following convention: we write γ(θ) to denote the plasticshear profile y → γ(y, θ) corresponding to a particular value θ of the renormalized shear stress. With this convention, the initial condition of null plastic strain can be written as:
Having set the stage, we can now give the definition of energetic solution. 
where dis Ψ (γ; [0, θ]) is the total variation of γ on [0, θ] with respect to the distance
In the present setting (quadratic energy) the next proposition is established without burden by invoking, for instance, Theorem 2.1 in [30] : Proposition 1 (Existence, uniqueness and regularity of the energetic solution). There exists a unique solution γ of (34)- (35) . Moreover, θ → γ(θ) is Lipschitz continuous as a function from [0, Θ] to H 1 0 (I).
The renormalized actual yield strength θ Y
Having established the existence and uniqueness of the energetic solution, we next focus our attention on the determination of the renormalized actual yield strength
namely, the largest value attained by the renormalized shear stress θ prior to the inset of plastic flow. In order to provide an alternative characterization of θ Y , we begin by observing that the energy-balance condition (39b) is identically satisfied for all θ ∈ (0, θ Y ). Thus, what determines the inset of plastic flow is the loss of stability of the trivial state γ ≡ 0. This leads us to consider the stability indicator :
where
is the stability functional. We remark that the existence of a the minimum in (41) is readily ascertained through the direct method of the calculus of variations, owing to the coercivity and the lower semicontinuity of Φ θ in H 1 0 (I). The uniqueness of the minimum follow from the convexity of Φ θ .
Our next step is to show that if the trivial state is not stable at a certain value of the renormalized shear stress θ during the loading process, then it is not stable for whatever higher value. We establish this fact by proving the following lemma:
Proof. Let φ θ be the unique minimizer of Φ θ . First, we observe that φ θ ≥ 0 a.e. in I for all θ ≥ 0.
Indeed, obviously φ 0 ≡ 0; for θ > 0, if φ θ < 0 in a set J of positive measure, then (by the definitions (36) and (37) of E, resp. Ψ) we would have Φ θ (|φ θ |) < Φ θ (φ θ ), a contradiction. Thus, given θ 1 ≤ θ 2 , we have
as desired.
The previous lemma is expedient to arrive to the following characterization of θ Y .
Proof. Let us set θ = inf {θ ≥ 0 : m(θ) < 0}. We notice that, since m(θ) is nonincreasing, m(θ) = 0 in [0, θ). Hence, by direct substitution into (39), we see that the trivial function θ → 0 is an energetic solution on the interval [0, θ). By the uniqueness of the energetic solution, and by (40), it follows that θ Y ≥ θ.
The reverse inequality follows from the monotonicity of θ → m(θ): suppose indeed that θ < θ Y ; then, by Lemma 1 there existsθ < θ Y such that m(θ) < 0; however,θ < θ Y implies that γ(θ) = 0: by (39a) and (41), this means that m(θ) ≥ 0, a contradiction.
We next show that, since the dissipation functional is 1-homogeneous, the quadratic part of the energy functional does not affect the critical shear. To this aim, we introduce the reduced stability functional :
and we denote by m(θ) := inf
the reduced stability indicator. We are going to show that the reduced stability indicator can be used to detect the inset of plastic flow. Indeed, we have the following equivalence:
Proof. In view of Proposition 2, it suffices to show that m(θ) < 0 if and only if m(θ) < 0.
Since by definitionΦ θ ≤ Φ θ , m(θ) < 0 obviously impliesm(θ) < 0. For the reverse implication, let us assume m(θ) < 0. Then there exists φ ∈ H 1 0 (I) such that Φ θ ( φ) < 0. On the other hand, by the 1-homogeneity of Φ θ ,
Thus Φ θ (α φ) < 0 for α > 0 sufficiently small, whence m(θ) < 0.
With Proposition 3 at hand we are now ready to establish the variational characterization we have been after:
Proof. The inequality
follows from following chain of implications:
Having established (51), it remains for us to prove the reverse inequality:
To this effect, we notice that:
We claim that the last inequality in (54) implies:
Indeed, let φ ∈ H 1 0 (I). If´I φdr ≤ 0, then (55) follows from the non-negativity of Ψ. Otherwise, letting A =´I φdr andφ = φ/A, and using once again 1-homogeneity, we obtain 1
By reversing the change of variables (32), we see that (50) is equivalent to
where T is the functional defined in (19) .
Remark 1. We remark that, when writing (56), we do not claim that the infimum is attained. Indeed, as explained in Appendix 2, the infimum is attained only if boundary conditions are incorporated into T by means of a suitable relaxation procedure.
The assessment of the actual yield strength
In this section we keep using the rescaled variables defined in (32) and (33) . In order to gain insight on the dependence of the (renormalized) actual yield strength θ Y on the (renormalized) dissipative lengthscale λ, we make take advantage of the analysis carried out in [3] , whose main consequences are the following:
• the infimum in (50) is not attained; however,
• there exists a smooth function φ Y such that
and φ Y solves in the interval I = (−1, +1) the Euler-Lagrange equation
associated to the variational problem in (50);
• the function φ Y is positive, even, strictly decreasing in [0, 1); moreover,
We notice that, since dφ Y /dr < 0 in [0, 1) and φ is positive, from (57) we have:
On recalling that θ Y is the shear stress renormalized to the coarse-grained yield strength (cf. the definition in (32) 2 ), we readily see that (60) is equivalent to the bound (23) derived in [5] . We point out, however, that the argument exploited in [5, §9.2.1] to arrive at (23) relies on the assumption that φ Y vanishes on the boundary of I, an assumption that is untenable because, according to [3] ,
and hence, by (60), the function φ Y does not vanish on the boundary. We explain the reason for this fact in Appendix 2, where we show that the aforementioned function φ Y is a minimizer of a related variational problem, obtained from (50) through a relaxation procedure. Now, consider the function
Since φ Y is smooth and positive in I, ζ is smooth as well. By making use of the EulerLagrange equation (58), it is easily checked that ζ satisfies the following differential equation:
Since φ Y is even, smooth, and positive in I, we have that ζ(0) = 0 and, because of (59) 2 and (61), lim
From (60) and (63) we have that dζ dr > 0 and hence ζ : (0, 1) → (0, 1) is strictly increasing. Thus, its inverse r : (0, 1) → (0, 1) exists, is differentiable, and satisfies
. In particular, lim ζ→0+ r(ζ) = 0 and lim ζ→1− r(ζ) = 1. Consequently, we find:
The integral on the right-hand side of (65) is well defined and can be computed explicitly. As a result, we arrive at formula (29) for the renormalized actual yield stress.
Appendix 1: the nonlocal flow rule
In this section we briefly recapitulate the steps leading to the flow rule (9) , as devised in [5] , with a few changes from the original path. At variance with the previous sections, we do not assume rate independency and proportional loading. Accordingly, the independent variables are now y ∈ (−h, +h) and t, which stands for time. Clearly, a superimposed dot denotes time derivative. As for the partial derivative with respect to y, we maintain the same notational convention as in the previous section. In particular, when typographical necessity prompts us to do so, we put a variable under subscript to denote a partial derivative with respect to that variable. Thus, for example, u y = 
Principle of virtual powers
We start from the decomposition
of the shear strain u y into an elastic part γ e and a plastic part γ p . This decomposition is accompanied by the prescription that, given any part P = (a, b) ⊂ (−h, +h), the internal power expended within P has the form:
Thus, power expenditure by the macroscopic shear stress τ is accompanied by working of the plastic microstress τ p and gradient microstress k p . If body forces are left out of the picture, external power expenditure on the typical part P is localized on the boundary ∂P of the part in question, and has the form:
where τ and k p are, respectively, the macroscopic and the microscopic shear tractions. The application of the principle of virtual powers yields: 1) the identification between stress and traction
along with the macroscopic-force balance:
2) the identification of k p with k p , along with the microscopic force-balance:
Constitutive prescriptions
Consistent with the choice (67) for the internal power expenditure, it is assumed in [5] that the free-energy density ϕ depends on the triplet (γ e , γ p , γ p y ) through a constitutive equation of the form:
It is also assumed that the constitutive mapping delivering the free-energy density is the sum:
of an elastic-energy mapping ϕ e , which takes into account the elastic shear, and a defect-energy mappingφ p , which depends on the plastic shear and on its gradient. In particular, the elastic-energy mapping is given the form ϕ e (γ e ) = 1 2 G(γ e ) 2 , with G > 0 the shear modulus. This assumption is accompanied by the standard constitutive prescription τ = ∂ ϕ e ∂γ e , whence:
The microstresses are then split into an energetic part and a dissipative part by setting
where I = (−1, +1). In order to minimize (85)-(86), one looks for a minimizing sequence {φ k } k∈N , i.e., a sequence satisfying inf
together with a function space A such that: 1) φ k converges to some φ in A; 2) Ψ is (sequentially) lower semi-continuous in A, that is,
If one can manage to do so, then the problem is solved because, obviously,
hence the limit φ is a minimizer of Ψ. The choice of the space A is dictated by the estimations which follow from the information that Ψ(φ k ) is bounded, so that a converging subsequence may be extracted by (weak) compactness. In this case, the estimate
would naturally yield to choosing A = W 
The functionalΨ represents the largest lower semicontinous extension of Ψ: in other words, it is lower semicontinuous, it coincides with Ψ on W 1,1 0 (I), and its minimum 6 BV (I) is the space of functions φ ∈ L 1 (I) whose derivative in the sense of distributions, denoted by Dφ, is a signed Radon measure. According to Lebesgue's decomposition, one can decompose Dφ additively into its absolutely continous part and its singular part, Dφ = φ dr + D s φ. When endowed with the norm φ BV (I) = φ L 1 (I) + Dφ M(I) , BV (I) is a Banach space. Here M(I) denotes the space of signed measures over I, equipped with the total variation norm µ M(I) = sup{´I ϕdµ : φ ∈ C c (I) : |φ| L ∞ (I) ≤ 1}.
coincides with the infimum of Ψ over W 1,1 0 (I). It is shown in [3] that the relaxation Ψ has the following representation: 
It is important to notice that the homogeneous boundary conditions are now incorporated in the functional through the term λ|φ|(∂I), which penalizes the norm of φ on the boundary. Thanks to the representation formula (90), one can use the direct method to prove the following: 
for some constant C. Consider now a minimizing sequence {φ k } k∈N , i.e. a sequence such that lim k→∞Ψ (φ k ) = θ Y , satisfying the constraint´I φ k dr = 1. By (91), this sequence is bounded in BV (I), and hence it converges weakly-* to φ ∈ BV (I). It now follows from Rellich's theorem that φ k converges to φ strongly in L 1 (I) to φ. Thus,´I φdr = 1 and, by the lower semicontinuity ofΨ, we haveΨ(φ) ≤ θ Y . This establishes that the limit φ ∈ BV (I) is a minimizerΨ.
It is important to point out that the minimizer singled out by the above procedure needs not be unique and, since it belongs to BV (I), it may also be non-smooth. A second fact established in [3] concerns uniqueness of minimizers in SBV (I), the space of special functions of bounded variation, and their regularity. 
